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Hyperentanglement — simultaneous entanglement between multiple degrees of freedom of two or more sys-
tems — has been used to enhance quantum information tasks such as quantum communication and photonic
quantum computing. Here we show that hyperentanglement can lead to increased quantum advantage in metrol-
ogy, with contributions from the entanglement in each degree of freedom, allowing for Heisenberg scaling in the
precision of parameter estimation. Our experiment employs photon pairs entangled in polarization and spatial
degrees of freedom to estimate a small tilt angle of a mirror. Precision limits beyond shot noise are saturated
through a simple binary measurement of the polarization state. The broad validity of the dynamics considered
here implies that similar strategies based on hyperentanglement can offer improvement in a wide variety of
metrological tasks.
To exploit the advantage of quantum entanglement for tasks
such as computation and metrology requires producing high-
dimensional quantum states composed of many entangled
sub-systems [1–4]. In addition to the difficulty in produc-
ing large entangled states, they are typically very sensitive
to noise [5–7]. An alternative route to enhance the size of
a system is through hyperentanglement [8], that is, the entan-
glement in multiple degrees of freedom (DOF) of a composite
quantum system. So far, hyperentanglement has found use
in high-capacity quantum communication [9–13], photonic
quantum computing [14, 15], tests of quantum non-locality
[16, 17], and the direct characterization of entanglement [18]
and quantum dynamics [19]. Here we demonstrate the use-
fulness of hyperentanglement in metrology, allowing one to
reach the ultimate quantum precision limits, for the paradig-
matic case of an interaction between two degrees of freedom
of the same system. Examples of this type of evolution in-
clude the interaction between spin and momentum in a Stern-
Gerlach experiment, between internal and external DOF of
trapped ions [20], or the polarization and spatial DOF of an
optical field propagating through a birefringent medium [21].
Our experiment employs hyperentangled photon pairs to
monitor a tiny rotation of a mirror. Entanglement in both spa-
tial and polarization DOF leads to increased quantum advan-
tage in metrological sensing, allowing for Heisenberg scaling
in the number of photons N used to probe the rotation: the
precision of estimation becomes proportional to 1/N , instead
of the shot-noise behavior ∝ 1/√N . Estimation of tilt angles
of mirrors is important in several fields of science [22–25]. A
common procedure consists in detecting the spatial or phase
displacement of a laser beam reflected by the mirror [26–32].
Our method, on the other hand, is based solely on a binary
polarization measurement at the output of an interferometer
with a displaced input beam. This scheme takes advantage of
both hyper-entanglement and beam displacement to increase
the precision beyond the shot-noise limit.
Precision measurements and Fisher information. Bounds
on the uncertainty in the estimation of a parameter θ can be
assessed by the Crame´r-Rao inequality [33]:
δθ ≥ 1√
νF (θ)
, (1)
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FIG. 1: a) Experimental setup (see text). b) One quadrant of the
equatorial plane of the Bloch sphere. Tilt of mirror M2 causes the
Bloch vector of the initial polarization state |φ+〉 to shrink and rotate.
where
F (θ) =
∑
j
1
pj(θ)
[
dpj(θ)
dθ
]2
(2)
is the Fisher information on θ, for a given measurement on the
probe used to estimate the parameter, pj(θ) is the probability
of obtaining experimental result j, given that the value of the
parameter is θ, and ν is the number of repetitions of the mea-
surement. Maximization of F (θ) over all possible quantum
measurements yields the quantum Fisher information F(θ),
which leads to the ultimate precision bound. Since inequality
(1) can be saturated in the limit of large ν, the Fisher informa-
tion can be considered as a figure of merit for the precision of
a given measurement strategy. We adopt this standpoint in the
following.
A hyperentanglement-enhanced tilt sensor. FIG. 1 shows
our experimental setup. A 325nm He-Cd laser pumps two
BBO crystals (2mm length), producing polarization and spa-
tially entangled photon pairs via colinear spontaneous para-
metric down-conversion (SPDC) [34, 35] with degenerate
wavelength 650 nm. The state of the twin photons is well-
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2described by |Ψ(2)〉 = |Φ+〉 ⊗ |ψ(2)〉, where |ψ(2)〉 stands
for the spatial degrees of freedom of the photon pair, and
|Φ+〉 = (|HH〉 + |V V 〉)/√2 is the polarization state, with
H (V ) standing for horizontal (vertical) polarization. In usual
conditions, photons pairs from SPDC display a large amount
of spatial entanglement, which appears in the form of corre-
lations of the photons in the near-field, and anti-correlations
in the far-field [35] (see Appendix I). A pair of lenses (not
shown) is used to map the source plane onto mirror M2.
The pump beam is removed via a dichroic mirror (DM).
Mirror M1 is mounted on a translation stage to adjust the ini-
tial beam displacement d. Both photons are sent into a Sagnac
interferometer built with a polarizing beam splitter (PBS). The
H-polarized (V -polarized) photons propagate in the clock-
wise (counter-clockwise) direction. When d 6= 0, the two
trajectories are spatially displaced in the transverse plane, as
shown in the sketch of the experiment. Small angular deflec-
tions θ of mirror M2 are controlled via a stepper motor and a
piezo-electric actuator.
A half-wave plate (HWP) and quarter-wave plate (QWP)
in conjunction with a PBS are used to project onto differ-
ent polarization states. Photons are detected in coincidence,
each single-photon detector equipped with an 8mm diameter
circular aperture and a 10nm bandwidth filter. For measure-
ments with independent photons, the mirror DLM is placed
in the setup, coupling light from a 650nm diode laser (DL)
into the interferometer. These photons are coupled out of
a single-mode fiber and prepared in the polarization state
|φ+〉 = (|H〉+ |V 〉)/√2 by a HWP and are aligned to follow
the same propagation path as the entangled photons, with the
spatial state |ψ(1)〉 corresponding to a Gaussian beam profile,
so that the total state is |Ψ(1)〉 = |φ+〉 ⊗ |ψ(1)〉.
Tilt of mirror M2 induces transverse momentum shifts in
opposite directions on the two counter-propagating beams in-
side the interferometer, producing entanglement between the
polarization and spatial DOF of each photon. Moreover, the
tilt also induces a relative phase between the two counter-
propagating beams that is proportional to the displacement
d, due to the different path lengths inside the interferometer.
Both of these effects imprint information about θ in the polar-
ization state of the photons. For single photons, entanglement
between the two DOF leads to purity loss of the polarization
state, which shrinks the length of the Bloch vector from unity
to exp(−8k2σ2θ2), where k is the photon wave number and
σ is the width of the transverse profile of the Gaussian beam
at mirror M2. The relative phase between the H and V po-
larization components leads to a rotation of the Bloch vector
around the z axis, by an angle 4θkd. Both of these effects
are illustrated in FIG. 1b). A similar analysis applies to the
two-photon state |Φ+〉, which here behaves as an effective
two-level system. However, in this case rotation and reduc-
tion of the Bloch vector can be up to two times larger, leading
to increased precision in the estimation of θ.
Heisenberg scaling via hyper-entanglement. The action of
the interferometer on a single photon can be represented by
the unitary operator:
Uˆ (1)(θ) = e−i2kθσˆz xˆ, (3)
where σˆz = |H〉〈H| − |V 〉〈V |, xˆ represents the trans-
verse position operator, and 2kθ is the shift in transverse
momentum. For two photons, one has instead Uˆ (2)(θ) =
exp[−i2kθ(σˆz1 xˆ1 + σˆz2 xˆ2)].
For a unitary evolution Uˆ(θ) of a pure state, the quantum
Fisher information F(θ) is given by four times the variance
in the initial state of the generator of Uˆ(θ) (see Appendix II).
From Eq. (3), the quantum Fisher information for single pho-
tons is then
F (1)(θ) = 16k2 (σ2 + d2) , (4)
where d = 〈xˆ〉 is the initial transverse displacement of the
beam. The terms proportional to σ2 originates from the mo-
mentum shift. The contribution d2 arises from the relative
path difference between the H and V polarization compo-
nents, and increases F(θ) with respect to the balanced situ-
ation d = 0. If d  σ, this can lead to a huge increase in
the precision of estimation of θ. In this case, the information
on θ is contained mainly in the relative phase. Though this
effect has been exploited by a few authors [26, 27], it is not
present in implementations using colinear Sagnac configura-
tions [28–30, 32]. Furthermore, we rely in the present scheme
on a simple binary polarization measurement.
The quantum Fisher information for entangled photon pairs
unveils subtle effects related to both the polarization and spa-
tial entanglement. Assuming the usual spatial state of the
SPDC photons [35], one has
F (2)(θ) = 32k2 (σ2 + Cov[x1, x2] + 2d2) , (5)
where σ2 is the variance of the spatial profile of each photon,
and the covariance Cov[x1, x2] corresponds to the transverse
spatial correlations between the photon pairs.
There are remarkable differences between Eqs. (4) and (5).
The overall multiplicative factor for photon pairs is twice that
of single photons, since there are two photons passing through
the interferometer. The extra factor of two multiplying d2
originates entirely from the polarization entanglement, which
is thus seen to enhance the precision of estimation of θ. The
other two terms in (5) stem from the momentum shift. If
Cov[x1, x2] = 0, there is no gain with respect to using two
spatially independent photons. On the other hand, the maxi-
mum value of the covariance is σ2, which corresponds to per-
fect spatial correlations. In this limiting case, the quantum
Fisher information is maximum:
F (2)max(θ) = 64k2
(
σ2 + d2
)
, (6)
which displays a dependence with the square of the number
of photons, when compared to Eq. (4). This is the well-
known Heisenberg scaling for N systems: the Fisher infor-
mation is proportional to N2, rather then to N , which cor-
responds to the shot-noise behavior (two independent pho-
tons). This enhanced scaling is due to the joint contribution
3of maximal spatial correlation and maximal polarization en-
tanglement. Heisenberg scaling can also be demonstrated for
N maximally entangled photons, as we show in Appendix II.
The quantum Fisher information F provides the ultimate
precision limit. However, it can be challenging to find an ex-
perimentally friendly measurement strategy that allows one
to reach these bounds. An advantage of the present scheme is
that in the interesting limit of very small tilt angles, (θkσ)2 
1 and (θkd)2  1, the quantum Fisher information can be
reached by projecting the final polarization state onto the ba-
sis defined by the intial state and the one orthogonal to it.
Applying Uˆ (`)(θ) to the initial state, it is straightforward to
show that the probability p(`)(θ) to project the final polariza-
tion state onto the initial state is
p(`)(θ) =
1
2
[
1 + V cos(4`θkd) exp
(
−8`θ2k2σ2(`)
)]
, (7)
where ` = 1 ( ` = 2) for single (entangled) photons, σ2(`) ≡
σ2 + (` − 1)Cov[x1, x2] and V is the visibility of the inter-
ferometer. The corresponding Fisher informations are given
by
F (`)(θ) =
16V 2`2k2
[
d sin(4`θkd) + 4kθσ2(`) cos(4`θkd)
]2
exp
(
16`θ2k2σ2(`)
)
− V 2 cos2(4`θkd)
.
(8)
When
(
θkσ(`)
)2  1, (θkd)2  1, and V = 1, this expres-
sion coincides with (4) for ` = 1 and with (5) for ` = 2, up
to terms of second order in θkσ(`) and θkd. Thus, within this
approximation, the binary polarization measurement reaches
the maximum precision limit given by the quantum Fisher in-
formation in both the single- and the two-photon case.
Experimental demonstration of quantum enhancement. The
hyperentangled photons were injected into the Sagnac inter-
ferometer, and the mirror angle θ was scanned. We measured
the probability p(2)(θ) to project the two-photon state at the
output of the interferometer onto the polarization state |Φ+〉,
as a function of θ. For the experiment with independent pho-
tons, the probability p(1)(θ) to detect the state |φ+〉 was ob-
tained as a function of θ. In both cases, we controlled the
initial displacement d of the photon beams by translating their
initial positions using mirror M1.
FIG. 2 compares experimental results for p(`)(θ) obtained
for independent photons (plots a) and c)) and entangled pho-
ton pairs (plots b) and d)). The red circles and black squares
are data points and the solid curves are fits using Eq. (7). Error
bars were calculated from propagation of Poissionian count
statistics, and are smaller than the plot symbols in most cases.
From the curve fits we extract the visibility V , as well as the
variances σ2(`). The fits return values σ
2
(1) ≈ 0.65± 0.05mm2
and σ2(2) ≈ 1.1−1.34 mm2, with typical uncertainty less than
0.1 mm2. These agree with independent measurements of
the single and two-photon beam near mirror M2, obtained by
scanning a thin slit aperture, giving σ2(1) = 0.65 ± 0.02mm2
and σ2(2) = 1.22 ± 0.04 mm2. The variance of the indi-
vidual beams of the photon pair at mirror M2 were both
a)
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FIG. 2: Experimental probability p(`)(θ) and corresponding Fisher
Information F (`)(θ) (blue curves) as a function of θ for different val-
ues of the displacement d. Black squares correspond to independent
photons (` = 1), and the red circles to hyperentangled photon pairs
(` = 2). The red and black curves are fits to Eq. (7). From the fit
parameters we plotted the theoretical curves (in blue) for the Fisher
Information, given by Eq. (2).
σ2 = 0.70± 0.03mm2. The displacement d was left as a free
fit parameter, and estimates returned values comparable to the
expected ones. Using the values obtained from the curve fits
to p(`)(θ) we plot the corresponding Fisher informations us-
ing Eq. (8), given by the blue curves, with the experimental
uncertainty given by the light shaded regions.
In the plots shown in FIG. 2 one can see the damped os-
cillatory behavior of p(`)(θ), where the oscillation frequency
is proportional to the beam displacement d. We obtained vis-
ibilities in the range V ≈ 0.72 − 0.77 ± 0.01 for the two-
photon case, which is much less than the ideal case V = 1.
To exploit the full range of spatial entanglement, the entire
cross section of the two-photon must be detected. This re-
duces V , since the relative phase of the two-photon polar-
ization state varies along the transverse direction of the two-
photon beam [34]. The visibilities could be improved in future
4experiments by using thinner non-linear crystals, narrower
spectral filters, and/or additional compensation crystals [36].
The independent-photon experiment leads to higher visibili-
ties. However, in order to have a direct comparison between
the two cases, in the independent-photon experiment we re-
duce the visibility by slightly misaligning the interferometer.
Comparison of plot 2 a) with b), and c) with d), clearly dis-
plays the quantum enhancement: the maximum Fisher infor-
mation corresponding to the photon pair is approximately four
times the corresponding one for single photons. This shows
that hyperentanglement leads to an increase in the precision
of estimation, as compared to the independent-photon situa-
tion. It is important to stress that the displacement d fulfills
an important role in increasing the Fisher information in both
cases.
To show that there is indeed an increased sensitivity due to
the correlations coming from spatial entanglement, we used a
spatial filter to alter the spatial correlation between the pho-
tons, in such a way that the widths of the marginal distribu-
tions were kept constant. FIG. 3 shows the resulting Fisher
informations for d = 0, when only the effect of the mo-
mentum shift is relevant. Let us quantify the spatial corre-
lation using a correlation coefficient C = Cov[x1, x2]/σ2.
The blue solid curves correspond to high spatial correlation
C = 0.84± 0.14, while the orange dashed curves to the case
where C = 0.18± 0.10. The plots clearly display the contri-
bution from spatial entanglement to the Fisher information.
Even with a non-ideal visibility, V = 0.77 ± 0.01, it was
possible to achieve sub-shot noise precision, as displayed in
FIG. 4, where d = 5.97 ± 0.05 mm. The enhancement in
the Fisher information for d >> σ is due primarily to po-
larization entanglement. The dashed line corresponds to the
quantum Fisher information in the shot noise limit. It repre-
sents the maximal information about θ that can be retrieved
by sending two independent photons into the interferometer,
in the ideal situation of V = 1. It is also important to note that
the additivity of the Fisher information implies that N/2 pho-
ton pairs in our scheme (N photons total) beat the shot-noise
limit for N independent photons, given by NF (1)(θ).
We note from FIG. 2 and FIG. 4 that the sub-shot noise
regime is achieved only for larger values of d. Analyzing
Eq. (8) for d = 0 and d  σ, we see that this is due to the
fact that the momentum shift contribution is much more sensi-
tive to the loss of visibility, as compared to the rotation due to
the path difference between the two polarization components.
This last contribution becomes more important as d increases,
thus mitigating the effect of visibility loss.
Summary and outlook. We have demonstrated that hyper-
entanglement can be an important and useful resource for
quantum metrology, allowing for the attainment of Heisen-
berg scaling and the sub-shot noise regime, even in the pres-
ence of experimental imperfections. Our method uses a dis-
placed input beam in a Sagnac interferometer to greatly boost
the precision in the estimation of the tilt angle of a mirror. This
allows for multiple degrees of freedom to contribute, leading
to increased sensitivity even for independent photons, when
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FIG. 3: Experimentally determined Fisher Information F (2)(θ) as a
function of θ for the input state |Φ+〉 for different values of the initial
spatial correlation, and d = 0. The blue solid curve corresponds to
larger correlation C = 0.84 ± 0.14, while the orange dashed curve
corresponds to C = 0.18± 0.10 (see text).
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FIG. 4: Experimental probability p(2)(φ+) (red circles) and corre-
sponding Fisher Information F2 (blue curve) as a function of θ for
d ≈ 6mm. The red curve is a fit using Eq. (7) for ` = 2. From
the fit parameters the Fisher Information is plotted, using Eq. (2).
Precision beyond shot-noise, given by the horizontal dashed line, is
clearly displayed.
compared to schemes employing colinear Sagnac configura-
tions. Furthermore, this displacement is essential to exploit
the quantum gain in sensitivity that results from polarization
entanglement.
The scheme presented in this paper is particularly simple
and reliable, since it involves only a binary polarization mea-
surement. Furthermore, the source for polarization entangle-
ment already yields the necessary spatial entanglement, via
conservation of momentum. Future improvements, such as in-
creasing the visibility V by using thinner non-linear crystals,
narrower spectral filters, and/or compensation crystals, should
lead to a useful metrological tool. The ideas developed here
have a broad range of applications, since the basic dynamics,
involving the bilinear coupling between a continuous and a
discrete bi-dimensional degrees of freedom, are common to
many other systems.
The authors acknowledge financial support from the Brazil-
ian funding agencies CNPq, CAPES and FAPERJ, and the
National Institute of Science and Technology for Quantum In-
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Appendix I: Spatial entanglement from SPDC
Within the monochromatic and paraxial approximations,
the spatial state of the photon pair at the near-field of the BBO
source can be written as [35]
|ψ(2)〉 =
∫∫
dq1dq2W(q1 + q2)Γ(q1 − q2)|q1〉|q2〉, (9)
where |q1〉, |q2〉 are transverse-position eigenstates,W is the
Gaussian transverse spatial profile of the pump laser beam and
Γ is the phase matching function, and we ignore effects due to
birefringence of the crystals. In usual conditions, the state (9)
can display a large amount of entanglement, which appears in
the form of spatial correlations of the photons in the near-field,
and anti-correlations in the far-field [35]. Moreover, these cor-
relations can be observed simultaneously with the polarization
correlations [11].
Appendix II: Quantum Fisher Information for N
hyperentangled probe systems
The Quantum Fisher information for the estimation of the
tilt angle θ, for N -partite pure states under unitary evolu-
tion is F (N)(θ) = 4〈∆Hˆ2〉, where in the present case the
Hamiltonian Hˆ is given by 2k
∑N
j=1 σˆzj xˆj . Consider an ini-
tial N -partite pure state, where each physical system con-
tains one two-level degree of freedom and one continuous de-
gree of freedom. Let the N -partite hyperentangled state be
|S〉 = |Φ〉 ⊗ |ψ〉, where |Φ〉 = (|0〉⊗N + |1〉⊗N )/√2 is a
GHZ state of N qubits and |ψ〉 refers to a state of N quan-
tum continuous variables. Assuming, as was done in rela-
tion to Eq. (6) of the main text, that for each system we have
〈∆xˆj〉 = σ2, and 〈xˆj〉 = d, it is straightforward to show that
F (N)(θ) = 16k2(Nσ2 +N2d2 + 2 N∑
j=1
j−1∑
i=1
Cov[xi, xj ]
)
,
(10)
where we used the fact that 〈σˆzj 〉 = 0 and 〈σˆzj σˆzi〉 = 1.
Equation (10) generalizes Eq. (6) of the text. In the limit in
which the covariances attain their maximum value, equal to
σ2, one has
F (N)max(θ) = N216k2
(
σ2 + d2
)
= N2F (1)(θ) , (11)
which clearly displays Heisenberg scaling.
In our experiment, N = 2, |ψ(2)〉 refers to the spatial de-
grees of freedom of twin photons, given by Eq. (3), while
|Φ〉 = |Φ+〉 is a maximally entangled polarization state. In
this case, Eq. (10) leads to Eq. (6), and Eq. (11) to Eq. (7).
[1] J. J. Bollinger, W. M. Itano, D. J. Wineland, and D. J. Heinzen,
Phys. Rev. A 54, R4649 (1996).
[2] H. Lee, P. Kok, and J. P. Dowling, J. Mod. Opt. 49, 2325 (2002).
[3] V. Giovannetti, S. Lloyd, and L. Maccone, Science 306, 1330
(2004).
[4] V. Giovannetti, S. Lloyd, and L. Maccone, Phys. Rev. Lett. 96,
010401 (2006).
[5] L. Aolita, R. Chaves, D. Cavalcanti, A. Acı´n, and L. Davi-
dovich, Phys. Rev. Lett. 100, 080501 (2008).
[6] M. Kacprowicz, R. Demkowicz-Dobrzan´ski, W. Wasilewski,
K. Banaszek, and I. A. Walmsley, Nature Photonics 4, 357
(2010).
[7] L. Aolita, F. de Melo, and L. Davidovich, Reports on Progress
in Physics 78, 042001 (2015).
[8] P. G. Kwiat, J. Mod. Optics 44, 2173 (1997).
[9] P. G. Kwiat and H. Weinfurter, Phys. Rev. A 58, R2623 (1998).
[10] S. P. Walborn, S. Pa´dua, and C. H. Monken, Phys. Rev. A 68,
042313 (2003).
[11] M. P. Almeida, S. P. Walborn, and P. H. Souto Ribeiro, Phys.
Rev. A 73, 040301 (2006).
[12] J. T. Barreiro, T.-C. Wei, and P. G. Kwiat, Nature Physics 4, 282
(2008).
[13] T. M. Graham, H. J. Bernstein, M. J. Tzu-Chieh Wei, and P. G.
Kwiat, Nature Communications 6, 7185 (2015).
[14] S. P. Walborn, M. P. Almeida, P. H. S. Ribeiro, and C. H.
Monken, Quantum Information and Computation 6, 336
(2006).
[15] G. Vallone, G. Donati, R. Ceccarelli, and P. Mataloni, Phys.
Rev. A 81, 052301 (2010).
[16] C. Cinelli, M. Barbieri, R. Perris, P. Mataloni, and F. D. Martini,
Phys. Rev. Lett. 95, 240405 (2005).
[17] M. Barbieri, F. De Martini, P. Mataloni, G. Vallone, and A. Ca-
bello, Phys. Rev. Lett. 97, 140407 (2006).
[18] S. P. Walborn, P. H. S. Ribeiro, L. Davidovich, F. Mintert, and
A. Buchleitner, Nature 440, 1022 (2006).
[19] T. M. Graham, J. T. Barreiro, M. Mohseni, and P. G. Kwiat,
Phys. Rev. Lett. 110, 060404 (2013).
[20] D. Leibfried, R. Blatt, C. Monroe, and D. Wineland, Rev. Mod.
Phys. 75, 281 (2003).
[21] N. W. M. Ritchie, J. G. Story, and R. G. Hulet, Phys. Rev. Lett.
66, 1107 (1991).
[22] O. V. Karagioz, A. H. Silin, and V. P. Izmaylov, Izv. Acad. Sci.
USSR, Phys. Solid Earth 17, 66 (1981).
[23] G. T. Gillies, Reports on Progress in Physics 60, 151 (1997).
[24] V. Collaboration, Astropart. Phys. 21, 1 (2004).
[25] S. Alexander, L. Hellemans, O. Marti, J. Scheneir, V. Elings,
P. K. Hansma, M. Longmire, and J. Gurley, J. Appl. Phys. 65,
164 (1989).
[26] J. G. Park and K. Cho, Appl. Optics 55, 2155 (2016).
[27] J. Martı´nez-Rinco´n, C. A. Mullarkey, and J. C. Howell, Ultra-
sensitive inverse-weak-value tilt meter, arXiv:1701.05208v1.
[28] D. J. Starling, P. B. Dixon, A. N. Jordan, and J. C. Howell, Phys.
Rev. A 80, 041803 (2009).
[29] G. B. Alves, B. M. Escher, R. L. de Matos Filho, N. Zagury,
and L. Davidovich, Phys. Rev. A 91, 062107 (2015).
[30] J. Martı´nez-Rinco´n, W. T. Liu, G. I. Viza, and J. C. Howell,
Phys. Rev. Lett. 116, 100803 (2016).
[31] K. Lyons, S. Pang, P. G. Kwiat, and A. N. Jordan, Phys. Rev. A
93, 043841 (2016).
[32] G. B. Alves, A. Pimentel, M. Hor-Meyll, S. P. Walborn,
L. Davidovich, and R. L. d. M. Filho, Phys. Rev. A 95, 012104
6(2017).
[33] H. Crame´r, Mathematical methods of statistics (Princetone Uni-
versity, Princeton, 1946).
[34] P. G. Kwiat, E. Waks, A. G. White, I. Appelbaum, and P. H.
Eberhard, Phys. Rev. A. 60, R773 (1999).
[35] S. P. Walborn, C. H. Monken, S. Pa´dua, and P. H. S. Ribeiro,
Phys. Rep. 495, 87 (2010).
[36] J. B. Altepeter, E. R. Jefferey, and P. G. Kwiat, Opt. Express 13,
8951 (2005).
